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This paper is devoted to the study of a binary homogeneous mixture of an isotropic
micropolar linear elastic solid with an incompressible micropolar viscous ﬂuid. Assuming
that the internal energy of the solid and the dissipation energy are positive deﬁnite
forms, some uniqueness and continuous data dependence results are presented. Also, some
estimates which describe the time behaviour of solution are established, provided the
above two energies are positive deﬁnite forms. These estimates are used to prove that for
the linearized equations, in the absence of body loads and for null boundary conditions,
the solution is asymptotically stable. Then a uniqueness result under mild assumptions
on the constitutive constants is given using the Lagrange–Brun identities method. These
mathematical results prove that the approach of a micropolar solid–ﬂuid mixture is in
agreement with physical expectations.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
The linear theory of micropolar elasticity was introduced by Eringen [1] and the nonlinear theory has been established
in [2,3]. Using the theory of simple microﬂuids presented in [4], Eringen introduced in [5] the theory of micropolar ﬂuids.
A modern presentation of these theories and the intended applications can be found in the books [6,7]. In classical theory
of elasticity and ﬂuid dynamics, the rotational degrees of freedom are ignored. The microstructural motions are observed
to produce new effects that cannot be accounted for the classical translatory degrees of freedom alone that are used to
formulate classical mixture theories.
The continuum theory of mixtures has been a subject of intensive study in literature. The theoretical progress of the
work on the subject can be found in the review articles [8,9], and in the book [10].
Eringen [11] has developed a continuum theory for a mixture of a micropolar elastic solid and a micropolar viscous ﬂuid.
All materials, whether natural or synthetic, possess microstructures. In the micropolar continuum theory, the rotational de-
grees of freedom play a central role. The material points of porous solids and dirty ﬂuids undergo translation and rotations.
Thus, we have six degrees of freedom, instead of the three degrees of freedom considered in classical elasticity and ﬂuid
mechanics. A large class of engineering materials, as well as soils, rocks, granular materials, sand and underground water
mixtures may be modelled more realistically by means of the theory proposed by Eringen [11]. Consolidation problems in
the building industry and oil exploration problems fall into the domain of mixture theories [12].
The equations presented in [11,13] and [14,15] are suﬃciently general to be applied to any constituent, whether microp-
olar elastic solid or micropolar viscous ﬂuid, in Eulerian description. By using the nonlinear theory of micropolar media,
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tic mixture of a micropolar elastic solid and a micropolar Kelvin–Voigt material and for the nonlinear theory of a binary
mixture of micropolar thermoelastic solids, respectively.
In the framework of the theory developed by Eringen [11], the existence, uniqueness, continuous data dependence of
solutions of the initial-boundary value problem associated with the micropolar mixture in the linear theory of porous
media and the asymptotic partition of the energy have been studied by Ghiba [18–20]. Singh and Tomar [21] studied the
propagation of waves in an inﬁnite porous continuum consisting of a micropolar elastic solid and a micropolar viscous ﬂuid
and in [22] has been studied the reﬂection and transmission of longitudinal elastic wave at a plane interface between a
homogeneous micropolar ﬂuid half-space and a micropolar solid half-space.
In the present paper we consider the isothermal theory of a binary homogeneous mixture of an isotropic micropolar
elastic solid with an incompressible micropolar viscous ﬂuid. In Section 2 we formulate the basic initial-boundary value
problem in the case of small displacement of the solid. In Section 3 we prove that a solution, associated with the initial-
boundary value problem formulated in Section 2, depends continuously on changes in the body forces and body couples
or in the initial data and it is unique, when the motion is studied in a compact time interval. In Section 4 some estimates
which describe the time behaviour of the solution are established. Then, we use these estimates to complete the results
presented in [20]. In fact we prove that in the case of linearized equations, in the absence of body forces and body couples
and for null boundary conditions, the kinetic energies of the ﬂuid and solid and the internal energy of solid become zero
at inﬁnity. This means that the solution is asymptotically stable. The results presented in Sections 3 and 4 are established
assuming that the internal energy is positive deﬁnite. In Section 5 we established an identity of type described by Brun [23]
in order to obtain a uniqueness result without imposing that the internal energy is positive deﬁnite.
For the classical theory of a mixture consisting of three components: an elastic solid, a viscous ﬂuid and a gas, some
results concerning uniqueness and continuous dependence have been studied by Gales¸ [24], in the isothermal approach,
and by Chirit¸a˘ [25] and Quintanilla [26,27], in the general context with thermal effects. We outline that the uniqueness
and continuous dependence of solution to the incompressible micropolar ﬂows have been studied by Chirit¸a˘ [28] and
Łukaszewicz [29] and the uniqueness results in the theory of microstretch ﬂuids have been established by Ies¸an [30]. The
temporal behaviour of solutions in various type of mixtures has been studied in the papers [31–33].
2. Basic equations
We consider a bounded regular region B of Euclidean three-dimensional space, whose boundary is the regular surface ∂B .
We refer the motion of a continuum to a ﬁxed system of rectangular Cartesian axes Oxk (k = 1,2,3). The Latin subscripts
are understood to range over the integers 1,2,3. We assume that B is occupied by a binary homogeneous mixture of an
isotropic micropolar elastic solid Bs with an incompressible micropolar viscous ﬂuid B f . We suppose that the mixture is
chemical inert.
We denote by f ′(x, t) the partial derivative with respect to the time of the function f (x, t) and comma followed by a
subscript represents the partial derivative with respect to the corresponding Cartesian coordinate. The superscripts r = s, f
denote respectively, the micropolar elastic solid and the incompressible micropolar ﬂuid and summation over repeated
subscripts is implied.
Let ρr denote the density of the constituent r at time t = 0 and let I be a time interval.
The constitutive equations for the mixture in the framework, in the case of small deformation of the solid have been
established by Eringen [11]. As in [34], we can obtain the constitutive equations for isothermal theory of micropolar solid–
ﬂuid mixture if we consider the entropy to be an independent variable and the temperature to be a dependent variable.
Thus, the constitutive equations of the isothermal binary homogeneous mixture of an isotropic micropolar elastic solid with
an incompressible micropolar viscous ﬂuid are
tsji = λsusk,kδ ji + μs
(
usj,i + usi, j
)+ ks(usi, j + εi jkφsk),
msji = αsφsk,kδ ji + βsφsj,i + γ sφsi, j,
t fji = −π f δ ji + μ f
(
v fj,i + v fi, j
)+ k f (v fi, j + εi jkν fk ),
m fji = α f ν fk,kδ ji + β f ν fj,i + γ f ν fi, j,
pˆsi = −pˆ fi = −ξ
(
vsi − v fi
)
,
mˆsi = −mˆ fi = −
(
νsi − ν fi
)
, (2.1)
where
• trji is the stress tensor of the constituent r (r = s, f );
• mrji is the couple stress tensor of the constituent r (r = s, f );
• pˆri is the force exerted on the r constituent from the other constituent;• mˆr is the couple exerted on the r constituent from the other constituent;i
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• uri is the displacement of the constituent r (r = s, f );• φsi is the rotation vector of the micropolar solid;• vri is the velocity of the constituent r (r = s, f );• νri is the rotation rate of the constituent r (r = s, f );• λs , μs , ks , αs , βs , γ s are the micropolar elastic constants for micropolar elastic solid;
• μ f , k f , α f , β f , γ f are the micropolar ﬂuid viscosities;
• ξ is the momentum generation coeﬃcient due to the velocity difference;
•  is the momentum generation coeﬃcient due to the difference in gyration.
In the case of small motion of the solid, the fundamental equations for mechanical behaviour of the mixture [11], in
B × I , are
• balance of momentum
ρsu′′ si = tsji, j + ρs f si + pˆsi ,
ρ f
(
v ′ fi + v fi, j v fj
)= t fji, j + ρ f f fi + pˆ fi ,∑
r=s, f
pˆri = 0, (2.2)
where f ri is the body force density;• balance of moment of momentum
ρs jsφ′′ si =msji, j + εi jktsjk + ρssi + mˆsi ,
ρ f j f
(
ν
′ f
i + ν fi, j v fj
)=m fji, j + εi jkt fjk + ρ f  fi + mˆ fi ,∑
r=s, f
mˆri = 0, (2.3)
where jr and ri are, respectively, the microinertia density and the body couple density and εi jk denotes the permutation
symbol;
• incompressibility condition
v fi,i = 0. (2.4)
The local form of the Clausius–Duhem inequality [11] implies that the dissipation potential
Φ
(
vs,νs,v f ,ν f
)= μ f a fjia fi j + (μ f + k f )a fi ja fi j + α f b fkkb fii + β f b fjib fi j + γ f b fi jb fi j + ξ(vsi − v fi )(vsi − v fi )
+  (νsi − ν fi )(νsi − ν fi ), (2.5)
must be a positive semideﬁnite quadratic form in terms of a fi j, b
f
i j, v
s
i − v fi and νsi − ν fi , where
a fi j = v fj,i + ε jikν fk , b fi j = ν fi, j .
This is true if and only if
2μ f + k f  0, k f  0,   0, ξ  0,
3α f + β f + γ f  0, γ f + β f  0, γ f − β f  0. (2.6)
Let us deﬁne the following bilinear form in terms of esi j , γ
s
i j and e˜
s
i j , γ˜
s
i j
E((us,φs), (u˜s, φ˜s))= 1
2
[
λseskke˜
s
ii + μsesji e˜si j +
(
μs + ks)esi j e˜si j + αsγ skkγ˜ sii + βsγ sji γ˜ si j + γ sγ si j γ˜ si j], (2.7)
where
esi j = usj,i + ε jikφsk, γ si j = φsi, j .
The internal density energy is given by E((us,φs), (us,φs)) and it is a positive semideﬁnite quadratic form in terms of esi j ,
γ s if we have the following restriction upon the micropolar elastic constantsi j
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3αs + βs + γ s  0, γ s + βs  0, γ s − βs  0. (2.8)
Substituting the constitutive equations in the basic equations (2.2)–(2.4) we obtain the ﬁeld equations
(
λs + μs)usj,i j + (μs + ks)usi, j j + ksεi jkφsk, j − ξ(vsi − v fi )+ ρs f si = ρsu′′ si ,(
αs + βs)φsj,i j + γ sφsi, j j + ks(εi jkusk, j − 2φsi )−  (νsi − ν fi )+ ρssi = ρs jsφ′′ si ,
−π f
,i +
(
μ f + k f )v fi, j j + k f εi jkν fk, j + ξ(vsi − v fi )+ ρ f f fi = ρ f (v ′ fi + v fi, j v fj ),(
α f + β f )ν fj,i j + γ f ν fi, j j + k f (εi jk v fk, j − 2ν fi )+  (νsi − ν fi )+ ρ f  fi = ρ f j f (ν ′ fi + ν fi, j v fj ) (2.9)
in B × I .
We assume that ρr and jr are positive constants and f ri , 
r
i are continuous functions on B × I .
To these equations we adjoin the following boundary conditions
uri (x, t) = 0, φsi (x, t) = φ∗si (x, t), ν fi (x, t) = ν∗ fi (x, t) on ∂B × I, (2.10)
and the following initial conditions
usi (x,0) = gsi (x), vri (x,0) = hri (x),
φsi (x,0) = asi (x), νri (x,0) = bri (x) in B, (2.11)
where φ∗si , ν
∗ f
i , g
s
i , h
r
i , a
s
i and b
r
i are prescribed continuous functions. The relations (2.10) give suﬃcient conditions for the
boundary to be a material surface.
We omit to mention the explicit dependence of functions on their spatial argument and when there will be no ambigu-
ities, we will omit to specify the dependence of functions on the time variable.
We denote by P the initial-boundary values problem deﬁned by Eqs. (2.9), the initial conditions (2.11) and the boundary
conditions (2.10). We say that (usi , v
f
i , φ
s
i , ν
f
i ,π
f ) is an admissible process on B¯ × I provided:
(a) usi and φ
s
i are of class C
2 on B × I;
(b) v fi and ν
f
i are of class C
2,1 on B × I;
(c) usi , v
r
i , φ
s
i , ν
r
i are of class C
0 on ∂B × I;
(d) π f is of class C1,0 on B × I .
By a solution of the boundary-initial value problem P we mean an admissible process that satisﬁes Eq. (2.9), the initial
conditions (2.11) and the boundary conditions (2.10).
3. Uniqueness and continuous dependence of solutions
In this section we study the uniqueness and continuous dependence of classical solutions to the boundary-initial value
problem P in the time interval I = [0, T ].
Let (uˆs, vˆ f , φˆs, νˆ f , πˆ f ) and (u˜s, v˜ f , φ˜s, ν˜ f , π˜ f ) be two solutions of the problem P , corresponding to the same boundary
data and to the initial conditions (gˆs, hˆs, aˆs, bˆs, hˆ f , bˆ f ) and (g˜s, h˜s, a˜s, b˜s, h˜ f , b˜ f ), respectively, and to the body loads (fˆ r, ˆr)
and (f˜ r, ˜r), respectively.
In order to simplify the notation, we denote actually the difference of these solutions by (us,v f ,φs,ν f ,π f ). This is a
solution of the equations
(
λs + μs)usj,i j + (μs + ks)usi, j j + ksεi jkφsk, j − ξ(vsi − v fi )+ ρs( fˆ si − f˜ si )= ρsu′′ si ,(
αs + βs)φsj,i j + γ sφsi, j j + ks(εi jkusk, j − 2φsi )−  (νsi − ν fi )+ ρs(ˆsi − ˜si )= ρs jsφ′′ si ,
−π f
,i +
(
μ f + k f )v fi, j j + k f εi jkν fk, j + ξ(vsi − v fi )+ ρ f ( fˆ fi − f˜ fi )= ρ f (v ′ fi + vˆ fi, j v fj + v fi, j v˜ fj ),(
α f + β f )ν fj,i j + γ f ν fi, j j + k f (εi jk v fk, j − 2ν fi )+  (νsi − ν fi )+ ρ f (ˆ fi − ˜ fi )= ρ f j f (ν ′ fi + νˆ fi, j v fj + ν fi, j v˜ fj ) (3.1)
in B × I , with the boundary conditions
usi (x, t) = 0, φsi (x, t) = 0, u fi (x, t) = 0, ν fi (x, t) = 0 on ∂B × I, (3.2)
and the initial conditions
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φsi (x,0) = aˆsi (x) − a˜si (x), νri (x,0) = bˆri (x) − b˜ri (x)) in B. (3.3)
We associate with an admissible process (us,v f ,φs,ν f ,π f ), the kinetic energies
Kr(t) = 1
2
∫
B
(
ρr vri (t)v
r
i (t) + ρr jrνri (t)νri (t)
)
dv, (3.4)
the internal energy
U (t) =
∫
B
E((us,φs), (us,φs))dv, (3.5)
the dissipation energy
D(t) =
t∫
0
∫
B
Φ
(
vs,νs,v f ,ν f
)
dv dτ , (3.6)
and the total energy
E(t) = K s(t) + K f (t) + U (t) + D(t). (3.7)
Theorem 3.1 (Continuous dependence). Let (us,v f ,φs,ν f ,π f ) be a solution of the initial-boundary value problem deﬁned by rela-
tions (3.1)–(3.3). If the internal energy and the dissipation potential are positive semideﬁnite forms, then we have
[
K s(t) + K f (t) + U (t)] 12
 eσ t
{[
K s(0) + K f (0) + U (0)] 12 +
t∫
0
[∫
B
∑
r=s, f
(
ρr
(
fˆ ri − f˜ ri
)(
fˆ ri − f˜ ri
)+ ρr
jr
(
ˆri − ˜ri
)(
ˆri − ˜ri
))
dv
] 1
2
dτ
}
, (3.8)
where
σ 2 = 9
4
sup
B×[0,T ]
(
vˆ fi, j vˆ
f
i, j, j
f νˆ
f
i, j νˆ
f
i, j
)
. (3.9)
Proof. As a consequence of Eqs. (3.1)–(3.3), using the divergence theorem, we have
d
dt
E(t) =
∑
r=s, f
∫
B
[
ρr
(
fˆ ri − f˜ ri
)
vri + ρr
(
ˆri − ˜ri
)
νri
]
dv −
∫
B
ρ f
(
vˆ fi, j v
f
j v
f
i + j f νˆ fi, j v fj ν fi
)
dv. (3.10)
Using the positive deﬁniteness of the dissipation potential, by a direct integration we obtain
K s(t) + K f (t) + U (t) K s(0) + K f (0) + U (0) −
t∫
0
∫
B
ρ f
(
vˆ fi, j v
f
j v
f
i + j f νˆ fi, j v fj ν fi
)
dv dτ
+
∑
r=s, f
t∫
0
∫
B
[
ρr
(
fˆ ri − f˜ ri
)
vri + ρr
(
ˆri − ˜ri
)
νri
]
dv dτ . (3.11)
Since (uˆs, vˆ f , φˆs, νˆ f , πˆ f ) is an admissible process on B × [0, T ], the functions vˆ fi, j and νˆ fi, j are bounded on B × [0, T ],
and in consequence by using the Schwarz’s inequality we have
−
t∫
0
∫
B
ρ f vˆ fi, j v
f
i v
f
j dv dτ  M
t∫
0
∫
B
ρ f v fi v
f
i dv dτ ,
−
t∫
0
∫
B
ρ f j f νˆ fi, jν
f
i v
f
j dv dτ 
M
2
t∫
0
∫
B
ρ f
(
v fi v
f
i + j f ν fi ν fi
)
dv dτ ,
t∫ ∫ ∑
r=s, f
[
ρr
(
fˆ ri − f˜ ri
)
vri + ρr
(
ˆri − ˜ri
)
νri
]
dv dτ 
t∫
h(τ )
( ∑
r=s, f
K r(τ )
) 1
2
dτ , (3.12)0 B 0
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M2 = sup
B×[0,T ]
(
vˆ fi, j vˆ
f
i, j, j
f νˆ
f
i, j νˆ
f
i, j
)
,
h(τ ) =
{∫
B
∑
r=s, f
ρr
[(
fˆ ri − f˜ ri
)(
fˆ ri − f˜ ri
)+ 1
jr
(
ˆri − ˜ri
)(
ˆri − ˜ri
)]
dv
} 1
2
. (3.13)
From the inequalities (3.11) and (3.12) we get
y(t) y(0) +
t∫
0
[
3M
2
y(τ ) + h(τ )y 12 (τ )
]
dτ , (3.14)
where
y(t) = K s(t) + K f (t) + U (t). (3.15)
By the Gronwall type inequality established by Dafermos (see Lemma 4.1 from the paper [35]) we deduce the relation (3.8)
and the proof is complete. 
Corollary 3.1 (Uniqueness result). Assume that
(i) ρr, jr are strictly positives constants;
(ii) the internal energy and the dissipation potential are positive semideﬁnite forms.
Then two solutions (uˆs, vˆ f , φˆs, νˆ f , πˆ f ) and (u˜s, v˜ f , φ˜s, ν˜ f , π˜ f ) corresponding to the same given data are such that
uˆs = u˜s, vˆ f = v˜ f , φˆ f = φ˜ f , νˆ f = ν˜ f , πˆ f = π˜ f + π f , (3.16)
where π f satisﬁes the relation
gradπ f = 0. (3.17)
Proof. From the previous theorem we deduce the relations (3.16)1−4. If we use these relations in Eqs. (3.1)3 we obtain
relation (3.17) and the proof is complete. 
4. Time behaviour of solution
In this section we consider the time interval I = [0,∞) and we assume that the dissipation potential and the internal
energy are positive deﬁnite quadratic forms. Thus, the inequalities (2.6) and (2.8) become strict and in consequence we have
aˆM
(
esi je
s
i j + jsγ si jγ si j
)
 E((us,φs), (us,φs)) aˆm(esi jesi j + jsγ si jγ si j),
bˆM
(
a fi ja
f
i j + j f b fi jb fi j
)
Φ∗
(
v f ,ν f
)
 bˆm
(
a fi ja
f
i j + j f b fi jb fi j
)
, (4.1)
where
Φ∗
(
v f ,ν f
)= μ f a fjia fi j + (μ f + k f )a fi ja fi j + α f b fkkb fii + β f b fjib fi j + γ f b fi jb fi j,
aˆm = 1
2
min
{
3λs + 2μs + ks,2μs + ks,ks, 3α
s + βs + γ s
js
,
γ s − βs
js
,
γ s + βs
js
}
,
aˆM = 1
2
max
{
3λs + 2μs + ks,2μs + ks,ks, 3α
s + βs + γ s
js
,
γ s − βs
js
,
γ s + βs
js
}
,
bˆm = min
{
2μ f + k f ,k f , 3α
f + β f + γ f
j f
,
γ f − β f
j f
,
γ f + β f
j f
}
,
bˆM = max
{
2μ f + k f ,k f , 3α
f + β f + γ f
j f
,
γ f − β f
j f
,
γ f + β f
j f
}
. (4.2)
We also suppose that φ∗s = 0, ν∗ f = 0.i i
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B
a fi ja
f
i j dv 
1
2
∫
B
v fi, j v
f
i, j dv. (4.3)
On the other hand, we have
a fi ja
f
i j  2v
f
i, j v
f
i, j + 3ν fk ν fk ,
esi je
s
i j  2usi, jusi, j + 3φskφsk. (4.4)
Using the divergence theorem and the boundary conditions, as in [28], we deduce∫
B
esi je
s
i j 
1
2
∫
B
(
usi, ju
s
i, j + usi, jusj,i
)
dv  1
2
∫
B
(
usi, ju
s
i, j + usj, jusi,i
)
dv. (4.5)
Relations (4.1)–(4.5) lead to the inequalities
aM
∫
B
(
usi, ju
s
i, j + φsi φsi + jsφsi, jφsi, j
)
dv  U (t) am
∫
B
(
usi, ju
s
i, j + jsφsi, jφsi, j
)
dv,
bM
∫
B
(
v fi, j v
f
i, j + ν fi ν fi + j f ν fi, jν fi, j
)
dv 
∫
B
Φ∗
(
v f ,ν f
)
dv,
∫
B
Φ∗
(
v f ,ν f
)
dv  bm
∫
B
(
v fi, j v
f
i, j + j f ν fi, jν fi, j
)
dv, (4.6)
where
aM = 3aˆM , am = aˆm
2
, bM = 3bˆM , bm = bˆm
2
. (4.7)
In order to study the asymptotic behaviour of solutions we establish the following result.
Theorem 4.1. Let (us,v f ,φs,ν f ,π f ) be a solution of the initial-boundary value problem P with null boundary conditions. If the
internal energy and the dissipation potential are positive deﬁnite forms, then we have
t∫
0
(
K s(τ ) + K f (τ ))dτ  1

[
K s(0) + K f (0) + U (0)](1− e−t)
+ a
∑
r=s, f
t∫
0
e(τ−t)
τ∫
0
∫
B
ρr
(
f ri f
r
i +
1
jr
ri 
r
i
)
dv dθ dτ , (4.8)
where a and  are computable positive constants which depend of the micropolar viscosities, the momentum generation coeﬃcient
due to the velocity difference, the momentum generation coeﬃcient due to the difference in gyration and of the domain B.
Proof. Using the divergence theorem and the boundary conditions from the hypothesis, we obtain
d
dt
(
K s(t) + K f (t) + U (t))+ ∫
B
Φ
(
vs,νs,v f ,ν f
)
dv =
∑
r=s, f
∫
B
(
ρr f ri v
r
i + ρrriνri
)
dv. (4.9)
In view of inequalities (4.6), because the internal energy is positive, we have
K s(t) + K f (t) +
t∫
0
∫
B
[
bm
(
v fi, j v
f
i, j + j f ν fi, jν fi, j
)+ ξ(vsi − v fi )(vsi − v fi )+  (νsi − ν fi )(νsi − ν fi )]dv dτ

∑
r=s, f
t∫
0
∫
B
(
ρr f ri v
r
i + ρrriνri
)
dv dτ + K s(0) + K f (0) + U (0). (4.10)
Now, we use the Schwarz’s inequality to obtain
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t∫
0
∫
B
{[
bm
cρ f
+ ξ
ρ f
(
1− 1
ε5
)
− 1
2
ε2
]
ρ f v fi v
f
i +
[
bm
cρ f
+ 
ρ f j f
(
1− 1
ε6
)
− 1
2
ε4
]
ρ f j f ν fi ν
f
i
+
[
ξ
ρs
(1− ε5) − 1
2
ε1
]
ρs vsi v
s
i +
[

ρs js
(1− ε6) − 1
2
ε3
]
ρs jsνsi ν
s
i
}
dv dτ
 1
2
t∫
0
∫
B
[
1
ε1
ρs f si f
s
i +
1
ε2
ρ f f fi f
f
i +
1
ε3 js
ρssi 
s
i +
1
ε4 j f
ρ f 
f
i 
f
i
]
dv dτ + K s(0) + K f (0) + U (0) (4.11)
for any εi > 0, i = 1, . . . ,6, where c > 0 is a constant from Poincaré inequality.
Further, we set εi > 0, i = 1, . . . ,6 so that
0 < ε2 < 2
bm
cρ f
,
2ξc
2ξc + 2bm − ε2cρ f < ε5 < 1,
0 < ε4 < 2
bm
ρ f c
,
2 c
2 c + 2bm j f − ε4cρ f j f < ε6 < 1,
0 < ε1 < 2
ξ
ρs
(1− ε5), 0 < ε3 < 2 
ρs js
(1− ε6) (4.12)
and we deduce
K s(t) + K f (t) + 
t∫
0
(
K s(τ ) + K f (τ ))dτ  a ∑
r=s, f
t∫
0
∫
B
(
ρr f ri f
r
i +
ρr
jr
ri 
r
i
)
dv dτ + K s(0) + K f (0) + U (0), (4.13)
with
 = min
[
bm
cρ f
+ ξ
ρ f
(
1− 1
ε5
)
− 1
2
ε2,
ξ
ρs
(1− ε5) − 1
2
ε1,
bm
cρ f
+ 
ρ f j f
(
1− 1
ε6
)
− 1
2
ε4,

ρs js
(1− ε6) − 1
2
ε3
]
,
a = max
i=1,...,4
1
2εi
. (4.14)
By integration of this inequality we obtain the inequality (4.8) and the proof is complete. 
Corollary 4.1. Let (us,v f ,φs,ν f ,π f ) be a solution of the initial-boundary value problem P , in the absence of the body loads and
with null boundary conditions. If the internal energy and the dissipation potential are positive deﬁnite forms, then, for all choices of
initial data (gs,hs,h f ,as,bs,b f ) ∈ [H1(B)]6 , we have
lim
t→∞
1
t
t∫
0
(
K s(τ ) + K f (τ ))dτ = 0. (4.15)
Proof. Following the same method used in the proof of the previous theorem we obtain
t∫
0
(
K s(τ ) + K f (τ ))dτ  1
∗
[
K s(0) + K f (0) + U (0)](1− e−∗t), (4.16)
where ∗ is an appropriate positive constant. This inequality implies the relation (4.15) and the proof is complete.
Ghiba [20] studied the asymptotic partition of energy in the case of small displacement and small rotation of the ﬂuid.
If the rotation of the ﬂuid is not small (see the relations (1.3.8), (1.3.15) and (5.1.5) from the paper of [6]), then
ν
f
i  φ
′ f
i , (4.17)
but a similar result with the one presented in [20] can be established for slow ﬂuid motions.
In this case we introduce the functions
w fi =
t∫
0
v fi dτ , ψ
f
i =
t∫
0
ν
f
i dτ . (4.18)
With these functions the linearized forms of Eqs. (2.9), in the absence of the body loads and null boundary conditions,
are
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λs + μs)usj,i j + (μs + ks)usi, j j + ksεi jkφsk, j − ξ(u′ si − w ′ fi )= ρsu′′ si ,(
αs + βs)φsj,i j + γ sφsi, j j + ks(εi jkusk, j − 2φsi )−  (φ′ si − ψ ′ fi )= ρs jsφ′′ si ,
−π f
,i +
(
μ f + k f )w ′ fi, j j + k f εi jkψ ′ fk, j + ξ(u′ si − w ′ fi )= ρ f w ′′ fi ,(
α f + β f )ψ ′ fj,i j + γ f ψ ′ fi, j j + k f (εi jkw ′ fk, j − 2ψ ′ fi )+  (φ′ si − ψ ′ fi )= ρ f j f ψ ′ fi ,
w ′ fi,i = 0 (4.19)
with the following boundary conditions
usi (x, t) = 0, φsi (x, t) = 0,
w fi (x, t) = 0, ψ fi (x, t) = 0 on ∂B × I, (4.20)
and the following initial conditions
usi (x,0) = gsi (x), w fi (x,0) = 0,
u′ si (x,0) = hsi (x), w ′ fi (x,0) = h fi (x),
φsi (x,0) = asi (x), ψ fi (x,0) = 0,
φ′ si (x,0) = bsi (x), ψ ′ fi (x,0) = b fi (x) in B. (4.21)
Using this form for the equations of motions and the method used in [20] results the following theorem. 
Theorem 4.2. Let (us,v f ,φs,ν f ,π f ) be solution of the linearized forms of Eqs. (2.9), in the absence of the body loads and with null
boundary conditions. If the internal energy and the dissipation potential are positive deﬁnite forms, then, for all choices of initial data
(gs,hs,h f ,as,bs,b f ) ∈ [H1(B)]6 , we get
lim
t→∞
1
t
t∫
0
(
K s(τ ) + K f (τ ))dτ = lim
t→∞
1
t
t∫
0
U (τ )dτ ,
lim
t→∞
1
t
t∫
0
D(τ )dτ = E(0) − 2 lim
t→∞
1
t
t∫
0
(
K s(τ ) + K f (τ ))dτ . (4.22)
Theorem 4.3. Let (us,v f ,φs,ν f ,π f ) be solution of the linearized forms of Eqs. (2.9), in the absence of the body loads and with null
boundary conditions. If the internal energy and the dissipation potential are positive deﬁnite forms, then, for all choices of initial data
(gs,hs,h f ,as,bs,b f ) ∈ [H1(B)]6 , we have
lim
t→∞ K
s(t) = 0, lim
t→∞U (t) = 0, limt→∞ K
f (t) = 0,
lim
t→∞
1
t
t∫
0
D(τ )dτ = E(0). (4.23)
Proof. If we use Corollary 4.1 and Theorem 4.2 we deduce
lim
t→∞
1
t
t∫
0
U (τ )dτ = 0 (4.24)
and the relation (4.23)4.
As a direct consequence of relation (4.9) we obtain that the function y(·) deﬁned by relation (3.15) is a decreasing
function. Thus, because it is also a positive function, we have that
lim
t→∞
(
K s(t) + K f (t) + U (t))= L, (4.25)
where
L = inf
t∈[0,∞)
(
K s(t) + K f (t) + U (t)). (4.26)
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1
t
t∫
0
(
K s(τ ) + K f (τ ) + U (τ ))dτ  L (4.27)
and, in view of relations (4.15) and (4.24), we deduce that it is necessary that L = 0.
Because K s(·), K f (·) and U (·) are positive functions then the relations (4.23)1−3 follow. 
5. An update to the uniqueness result in the linearized theory
In this section we study the linearized equations which describe the mechanical behaviour of the mixture in the isother-
mal theory. In fact we establish a uniqueness result, without imposing that the internal energy is positive deﬁnite form, for
the problem deﬁned by the ﬁeld equations(
λs + μs)usj,i j + (μs + ks)usi, j j + ksεi jkφsk, j − ξ(vsi − v fi )+ ρs f si = ρsu′′ si ,(
αs + βs)φsj,i j + γ sφsi, j j + ks(εi jkusk, j − 2φsi )−  (νsi − ν fi )+ ρssi = ρs jsφ′′ si ,
−π f
,i +
(
μ f + k f )v fi, j j + k f εi jkν fk, j + ξ(vsi − v fi )+ ρ f f fi = ρ f v ′ fi ,(
α f + β f )ν fj,i j + γ f ν fi, j j + k f (εi jk v fk, j − 2ν fi )+  (νsi − ν fi )+ ρ f  fi = ρ f j f ν ′ fi ,
v fi,i = 0 (5.1)
on B × I , the boundary conditions
uri (x, t) = 0, φsi (x, t) = φ∗si (x, t), ν fi (x, t) = ν∗ fi (x, t) on ∂B × I, (5.2)
and the following initial conditions
usi (x,0) = gsi (x), vri (x,0) = hri (x),
φsi (x,0) = asi (x), νri (x,0) = bri (x), x ∈ B. (5.3)
All the quantities have the signiﬁcations introduced in Section 2. We associate with the solution of this problem the follow-
ing quantities
P (p,q) =
∑
r=s, f
∫
B
(
ρr f ri (p)v
r
i (q) + ρrri (p)νri (q)
)
dv +
∑
r=s, f
∫
∂B
mri (p)ν
r
i (q)da,
J (t) = 1
2
∑
r=s, f
∫
B
(
ρr vri (2t)h
r
i + ρr jrνri (2t)bri
)
dv,
R(t) =
∫
B
E((us(2t),φs(2t)), (gs,as))dv. (5.4)
As a consequence of the energy conservation result established in [18], we obtain the following lemma.
Lemma 5.1. Let (us,v f ,φs,ν f ,π f ) be a solution of the initial-boundary value problem deﬁned by the relations (5.1)–(5.3). Then for
every t ∈ I we have
E(t) = E(0) +
t∫
0
P (τ , τ )dτ . (5.5)
Assuming that the internal energy is a positive deﬁnite form, as a direct consequence of previous lemma, we can establish
a uniqueness result [18]. The lemma below helps us to obtain an uniqueness result without imposing this condition.
Lemma 5.2. Assume that (us,v f ,φs,ν f ,π f ) is a solution of the initial-boundary value problem deﬁned by the relations (5.1)–(5.3).
Then for every t ∈ I we have
K s(t) + K f (t) − U (t) = 1
2
t∫
0
(
P (t − τ , t + τ ) − P (t + τ , t − τ ))dτ + J (t) − R(t). (5.6)
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L(p,q) =
∑
r=s, f
[
trji(p)v
r
i, j(q) +mrji(p)νri, j(q) − pˆri (p)vri (q) − εi jktrjk(p)νri (q) − mˆri (p)νri (q)
]
. (5.7)
Using the constitutive equations, we have
L(t + τ , t − τ ) − L(t − τ , t + τ ) = 2[E((us(t + τ ),φs(t + τ )), (vs(t − τ ),νs(t − τ )))
− E((us(t − τ ),φs(t − τ )), (vs(t + τ ),νs(t + τ )))]. (5.8)
On the other hard, in view of (2.2), (2.3) and (5.1), we obtain
L(t + τ , t − τ ) − L(t − τ , t + τ )
=
∑
r=s, f
[
trji(t + τ )vri (t − τ ) − trji(t − τ )vri (t + τ ) +mrji(t + τ )νri (t − τ ) −mrji(t − τ )νri (t + τ )
]
, j
−
∑
r=s, f
[
ρr v ′ ri (t + τ )vri (t − τ ) − ρr v ′ ri (t − τ )vri (t + τ ) + ρrν ′ ri (t + τ )νri (t − τ ) − ρrν ′ ri (t − τ )νri (t + τ )
]
+
∑
r=s, f
[
ρr f ri (t + τ )vri (t − τ ) − ρr f ri (t − τ )vri (t + τ ) + ρr jrri (t + τ )νri (t − τ ) − ρr jrri (t − τ )νri (t + τ )
]
. (5.9)
For every functions f , q ∈ C2([0,∞)), the following identities hold
t∫
0
f (t + τ )q′(t − τ )dτ = −q(0) f (2t) + f (t)q(t) +
t∫
0
f ′(t + τ )q(t − τ )dτ . (5.10)
In view of relations (5.8) and (5.9), by an integration over B × [0, t] and then by using the divergence theorem and the
above relation, we obtain the identity (5.6) and the proof is complete. 
Theorem 5.1 (Uniqueness result). Assume that
(i) ρr, jr are strictly positives constants;
(ii) the dissipation potential is a positive semideﬁnite form.
Then two solutions (uˆs, vˆ f , φˆs, νˆ f , πˆ f ) and (u˜s, v˜ f , φ˜s, ν˜ f , π˜ f ) corresponding to the same given data are such that
uˆs = u˜s, vˆ f = v˜ f , φˆ f = φ˜ f , νˆ f = ν˜ f , πˆ f = π˜ f + π f , (5.11)
where π f satisﬁes the relation
gradπ f = 0. (5.12)
Proof. We denote by (us,v f ,φs,ν f ,π f ) the difference between these solutions. Then (us,v f ,φs,ν f ,π f ) is a solution of
the initial-boundary value problem deﬁned by (5.1)–(5.3) with φ∗si = 0, ν∗ fi = 0, f ri = 0, ri = 0, gsi = 0, hri = 0, asi = 0,
bri = 0.
Thus, using the previous lemmas, for the (us,v f ,φs,ν f ,π f ) we have
K s(t) + K f (t) = −1
2
D(t). (5.13)
Because the potential dissipation is positive we obtain the relations (5.11)1−4. In view of the ﬁeld equations we have the
relations (5.11)5 and the proof is complete. 
This method has also been used in the papers [36–38] to prove the uniqueness of solution in various mixture theories.
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